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1. INTRODUCTION 
For q 2 0 let Cy be the set of continuous functions ~5: [ -4, 0] -+ R”, and 
let 11~4 = SUP,, (-y.O1 Id( for 4~ CY, where 1. I is any norm in R”. For 
p > 0, let 
If ti( ) is a continuous function on [ -4, T] for some T> 0, we denote by 
$,E Cy for 0 5 ts T the function defined by +,(s)= $(t+s) for 
s E [ -4, 01. Consider the delay-differential equation 
.k( t) = F(t, x,) (1.1 I,, 
where F: [0, co) x P(p) + R” is continuous and x(t) denotes the right- 
hand derivative of x(t). For t, 2 0 and 4 E CY(,O), we say x(t) is a solution of 
( 1.1 ), on [to, T), if x(t) is a continuous function defined on [t,) - q, T), 
where t, < T 5 co, such that x,,, = 4 and x(t) satisfies ( 1.1 ), for r E (to, T), 
and we writex(.)=x(.; to, 4). We assume that F(r, 0) = 0 for all t 2 0, so 
that x(t) = 0 is a solution of (1.1 ),. 
DEFINITION I. We say the zero solution of (1.1 ),, is stable, if for any 
E > 0 and tozO, there exists d(t,, a)>0 such that for any #E P(6), any 
solution x(t; t,, 4) is defined for all t 2 to and 
Ix(t; to> d)l < 53 for all t 2 to - q. 
We say the zero solution of (1.1 ),, is un~jimnly stable if the number S above 
is independent of to. 
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A simple example of (1.1 ), is given by 
i(t)= -a(t)x(t-r(t)), (1.2) 
where a: [0, co) -+ [0, co) and r: [0, co) -+ [0, q]. It is well known [ll, 121 
that if there exists c1> 0 such that a(t) S c( and olq S 3, then the zero 
solution of (1.2) is uniformly stable. Furthermore, the upper bound 5 is the 
best possible for Eq. (1.2). In fact, if aq > 3 then there are equations with 
unbounded solutions. This is one of the typical behaviors of solutions of 
delay-differential equations which is quite different to those of ordinary 
equations [8]. On the other hand, if a(t) and/or r(t) are small as t -+ co, 
then Eq. (1.2) behaves like an ordinary equation [24,6, 151. 
In this paper we consider the general delay-differential equation (l.l),. 
The most general result known to the author for the stability of the zero 
solution of ( 1 .l ), is the following theorem of Yorke [ 161: 
THEOREM A. Suppose there exists ~12 0 such that 
(1.3) 
and 
ctM(qS) 2 -F(t, cj) 1 -aM( -4) for all 4 E P(B), (1.4) 
where M(d) = max{O, sup,, cPy,O, d(s)}. Then 
(i) the zero solution of (l.l), is uniformly stable. 
(ii) If, in addition, O< ccq < 1 then lim,, 2 x(t; t,, 4) exists for any 
t, 10 and 4 E Cy( 2815 ). 
Applying Theorem A to Eq. (1.2), the condition (1.3) becomes 
a(t) 5 CI for some constant c( (1.5) 
satisfying aq 5 4. Then Eq. (l.l), is “close” to an autonomous equation. In 
fact, Eq. (l.l), with (1.4) is much related to the autonomous equation 
i(t)= -ax(t-q) (cf. [14]). 
The question is: The condition (1.5) is too restrictive to show the 
uniform stability? Can we replace (1.5) by that a(t) is intervally bounded? 
We give an answer to this question by the following theorem. 
THEOREM 1.1. Suppose that there exists a continuous function 
a: [0, co) + [0, co) such that 
[‘+‘a(s)dssj ford tz0, (1.6) 
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a(l) M(4) 2 -F(t, 4) 2 -a(f) M -4) 
,for all t 2 0 and 4 E C/(/l). 
Then 
(i) the zero solution of (l.l), is uniformly stable. 
(ii) [f ~~=sup,,,S:+Ya(s)cls<1 andp=inf,,,j:+qu(s)d.s>O, 
then lim , pi I .x( t; t,, 4) exists .for any t, 2 0 and 4 E P(fie “). 
(1.7) 
For the uniform stability, Theorem A is a special case of Theorem 1.1 
that u(t) =(x. 
In order to prove Theorem 1.1, we make use of a modification of 
Liapunov -Razumikhin method, which is given in Section 2. In Section 3. 
we give a detailed proof of Theorem 1.1 and a theorem for the uniform 
asymptotic stability. In Section 4, we give some results on the stability for 
special equations as applications of Theorem 1.1. 
2. LIAPUNOV-RAZUMIKHIN METHOD 
In this section we give a modification of Razumikhin’s theorem for the 
uniform stability of the zero solution of (1.1 ),,. 
Razumikhin [13] has proved the following theorem. We assume that 
bounded solutions of (1.1 ),, are continuable in the future. 
THEOREM 2.1. Suppose there e.xists a C’ ,function I’: [ -q. x ) x S( /I) + R 
.such thut 
M,here u, w: [IO, rcj) -+ [0, ar..) are continuous increasing positive d<finitc 
functions and S(p) = (x E R”: 1.~1 < /II}, and,for an!’ f 2 0 und 4 E P(p) 
ti(~,~(O))=limsup~(a(t+h,x(t+h,t,~))-I:(r.&O))j 50 (2.2) 
/7-O+ 
whenever v(t+s, d(s))su(t, &O))f or all s E [ -q, 01. Then the zero solution 
qf (1.1 ),, is uniformly stable. 
Define the functional VO (t, c$) = supst I Pr,,ol v( t + .F, d(s)), then under the 
conditions of Theorem 2.1, Vo(t, x,) is a nonincreasing function for any 
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solution x(t) of (1.1 ),, hence r’,( t, x,) 5 0, and which yields the uniform 
stability of the zero solution of (l.l),. For the general theory of Liapunov 
functionals, refer to [9, Chap. 51. We will extend the above argument to 
the functional 
for t 2 0, 4 E P(p) and k = 1, 2 ,.... First of all, we must show that V, (t, 4) 
is well defined. 
LEMMA 2.1. Suppose that there exists a continuous function 
a: [0, 00 ) + [0, co ) such that 
IF(4 $11 5 4t)lldll for all t 2 0 and 4 E P(p). (2.4) 
Then for any tozO, d~Cq(j) andsolution x(t; t,, 4) of (l.l),, 
14~ to, d) 5 Ml ev ~,~ab) ds (2.5) 
as long as x( t; to, 4) is defined for t 2 to 
Proof: Note that the condition (2.4) implies the complete continuity of 
F(t, d), hence a solution of (1.1 ), is continuable as long as it is bounded by 
/?. By (2.4), it is easy to see that 
lb, II 5 11c41 + j’ 4s)IIx, II ds for t 11,. (2.6) to 
Then this lemma follows from the Gronwall’s inequality. 
The following lemma is immediate from Lemma 2.1. 
LEMMA 2.2. Suppose that F(t, 4) satisfies (2.4) for some nonnegative 
function a(t) such that j, ’ + 4 a(s) ds is bounded for t 10. Let u( t, x) be a C’ 
function satisfying (2.1). Then for each k and E > 0, there exists 6(k, E) > 0 
such that Vk ( to, 4) is defined and 
Vk(fO7 4) <E for all to 2 0 and $E P(b). (2.7) 
Proof Let M(k) = sup, Z o exp J, ‘+ kq a(s) ds and 6 = w -‘(&)/M(k). Then 
it follows from Lemma 2.1 that 
Ix(t,+ s; to, c#)I 5 11q511 exp jtrtsa(r) dz < W-‘(E) 
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for SE [0, kq], to20 and REP. Hence by (2.1) 
u(t, + s, x( t, + s; t,, 4)) < E for all s E [0, kq], 
which completes the proof. 
Now we show a modification of Theorem 2.1 
THEOREM 2.2. Suppose there exists a continuous function a: [0, X) -+ 
[0, co) such that (2.4) holds and s, ‘+q a(s) ds is hounded.for t 2 0, and a C’ 
,function u: [ -4, co) x S(p) -+ R satisfying (2.1) and 
Then the zero solution of ( 1 .l ), is uniformly stable. 
Proof. Let E > 0 be given, then by Lemma 2.2, there exists 6(k, E) > 0 
such that (2.7) holds. It follows from (2.8) that 
V,(t, x,) s Vk(hb x,,) for all t 2 t,, + kq. 
Hence by (2.1) Ix(t; t,, d)I SM.- ‘(e) for t 2 t,, + kq, and which completes 
the proof. 
Remark 2.1. If (2.8) is satisfied for some k, then for any k’ 2 k, (2.8) is 
also satisfied. One of the merits of Vk (t, 4) for k > 0 is that it is “smoother” 
than Vo(t, 4). 
Remark 2.2. The functional Vk (t, 4) was also used in [ 1, 51, and less 
explicitly in [ 161 in case Vk(t, 4) is independent of t. Razumikhin-type 
theorems are also given in [7, lo]. 
Remark 2.3. The condition (2.8) is equivalent to 
whenever u(t+s,x(t+s;t,d))<v(t+kq,x(t+kq;t,b)) (2.9) 
for all SE [ -4, kq]. 
Therefore, replacing (2.8) by (2.9) in Theorem 2.2, we can rewrite it in an 
analogous expression to Theorem 2.1. The condition (2.8) is also equivalent 
to that the set @(k, t) of dip such that Vk(t,4)=U(t+kqrd) and 
d/d.9 u( t + s, x( t + S; t, b))j ,~= ky > 0 is empty for all t 2 0. Then Theorem 2.2 
is an extension of [ 1, Theorem 1 ] to non-autonomous systems. 
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3. PROOF OF THEOREM 1.1 AND UNIFORM ASYMPTOTIC STABILITY 
In this section we prove Theorem 1.1 by applying to Theorem 2.2. 
Throughout this section, we assume that there exists a continuous function 
a: [0, co) + [0, co) satisfying (1.6) and (1.7). Let 
and 
A = sup jr+’ a(s) ds, 
f 
I+4 
p = inf a(s) ds 
tto I r20 , 
B=max{A--t,l-(t-A)p} 
Define u(x) = x2/2 for x E R and consider the functional l’(t, 4) = V, (t, 4) 
defined by (2.3) for k = 2. It follows from (1.7) that 
IF(t, 411 5 4t)llill for all t 2 0 and 4 E Cy(p). (3.1) 
Hence by (1.6), the conditions of Theorem 2.2 are satisfied except for (2.8). 
In order to prove (2.8), we show two lemmas. 
LEMMA 3.1. Let x(t) be a solution of (l.l)l on [t, -4, tl] such that 
u(x(t))>Ofor all tE [t, -4, t,], then 
6(x( t,)) 5 0. 
ProoJ: If x(t)>0 for all t E [t, -4, tl], then M( -x,,) =O, and hence 
(1.7) yields that F(t,, x,,)sO. Thus 
Similarly by (1.7), if x(t)<0 for all tE[t,-q, tl], then F(t,,x,,)zO, and 
hence ti(x( t , )) 2 0. 
LEMMA 3.2. Let x(t) be a solution of (l.l)r on [tl, T] for some 
Tl t, + 2q, and suppose that x( t2) = 0 for some t2 E (t, + q, t, + 2q). Then 
4x(t)) 5 fl sup u(x(s)) for tE [t2, T]. 
SE Ctl-Y,rZl 
Proof. Let u. = SUP,~ [,, -y,12, 0(x(s)). Suppose the lemma is not true 
and let 
t, = inf{ t > t,: u(x(t)) > &I,} and t,=sup{t<t4:u(X(t))=O}. 
Then t, + q< t, 5 t, < t4, u(x(t4)) = Bu,, and for some 9 >O, sufficiently 
small, 
u(x(t)) ’ euo for fE(f,, LI+ql. (3.2) 
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Therefore, there exists t, E [t4, t, + 9) such that 
C(x(t,))>O and u(x(t,))= sup u(x(s)). 
r~ rr4.1ii 
(3.3) 
Then it follows from Lemma 3.1 that 
t, < t, + 4. (3.4) 
Let YS = sup,, If, q,ls~ Ix(s)/ and u,=r:/2. It is easy to see that 
u(x(ts)) 2 ot’,. (3.5) 
By (3.1), l.+(t)1 = IF(t, x,)1 ~u(t)l~xll sr,u(t) for tE [t,, t,] and hence 
for te [t,, t,]. (3.6) 
It follows from (3.2) that either x(t, + s) > 0 or x(t, + s) < 0 for all 
t,+.sE(t,, t,]. Suppose x(t,+s)>O for all t,+.se(t,, t,], then by (1.7) 
and (3.6), 
5 4t3 + s) IIE rr~2L, Is(u)l 
Hence 
s 
0 
= r,a(t, + s) a( t, + 24) du. 
I 4 
c(.$t5))=ix(t5)(x(ti)-x(t3))$fri~,~5 “l(t,+s)ds 
Similarly, if x( t3 + s) < 0 for all t, + s E (t,, t,], then 
i(t3+s)z -r,u(t3+s)j” u(t,+u)du, 
.l 4 
(3.7) 
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therefore (3.7) holds in this case. By (3.3) and (3.4), it is easy to see that 
s 4 u(r,+s)jO a( t3 + u) du ds > 0. (3.8) f5 ~ 13 s-4 
We first consider the case CI = j”, a(t, + U) du 5 1. It follows from (3.7) 
and (3.8) that 
a( t, + u) du ds 
= u.j j-O u(t,+u)~U+4u(f,+s)dsdu 
-4 ” 
s 
0 
- v5 4t3 + u) a( t3 + s) ds du 
u 
We next consider the case St, u(t3 + U) du > 1. Choose q1 < q such that 
jf, ~ y a( t, + U) du = 1. Then by (3.6) and (3.7), 
u,u(t,+s), ~;,u(t,+s)[~ a(i,+u)du}ds 
y-4 
< 05 s 41 u(t, + s) ds + u5 0 I 4 0 4t3 + $1 I a( t, + u) du ds 41 s ~ y 
0 
I I 4, = 05 a( t, + s) a( t, + u) ds du 41-4 0 
0 
s s 
u+4 
+u5 a( t, + s) a( t, + u) ds du 
41-4 41 
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0 u+4 
= us I 4f, + u) s a( t, + s) ds du 41-4 u 
- 0s s 
0 
4t, + u) 
s 
0 
a( f3 + s) ds du 
4, -4 u 
0 
5 iv, I 
41~~ 4 
a(r,+u)du+$ 
2 
a( t, + s) ds 
Therefore in either case, we have u(x(t,)) < Bus. This contradicts (3.5) 
and the proof is complete. 
Now we are ready to prove Theorem 1.1. 
Proof of Theorem 1.1. As was pointed out, for the uniform stability, it 
remains to prove that 
~k&~O for all tz0 and fj E cqfie 2L). (3.9) 
Suppose that there exists a solution n(t) = x(t; to, 4) with t,, 2 0 and 
0 E ewe 21) such that for some t, > to, 
li(l,,X,,)>O. 
Then it is easy to see that 
d(x(t, + 2q)) = I+,, x,,). 
It follows from Lemma 3.1 that there exists f2 E (t, + q, f, + 29) such that 
x( t2) = 0. Therefore by Lemma 3.2, 
c(x( t)) 5 ME [s,“p rz, 4-4s)) for all t 2 1,. 
which yields that I$[,, x,,) 5 0. This is a contradiction. Thus p( t, 4) 5 0 for 
all t 2 0 and q4 E CY(Be ~ 2i.). 
We next show the second assertion (ii) of Theorem 1.1. Assume 
O<psi<$. By Lemma2.1, if q4tzCY(/IeP2’) then for any to20 and any 
solution x(t) = x( t; to, d), 
b(t)1 5 11411 exp lrL 4s) ds < B for TV [to, t,,+2q]. 
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Hence V(to, 4) < /?*/2. Therefore by (3.9) 
vt, x,) 5 vto, 4) < b2/2 for all t 2 to + 2q, 
and x(t) is defined for all t 2 to. If x(t) is oscillatory, that is, there exists a 
sequence {tn} such that t, + 00 as n + co and x(t,) = 0, then it follows 
from Lemma 3.2 that 
u(x(t)) 5 8” ,sc pyp4, ,,, 44s)) for t 1 tn9 
where e=max{A-$, l-($-A)p}<l. Therefore lim,,,x(t)=O. If x(t) 
is not oscillatory, that is, there exists T> t, such that u(x(t)) > 0 for t 1 T, 
then it follows from Lemma 3.1 that u(x(t)) is monotonically nonincreasing 
for t>= T+q. Hence lim,,, x(t) exists. This completes the proof. 
Finally, we give a result on the uniform asymptotic stability. 
DEFINITION 2. We say the zero solution of (l.l), is unzformZy 
asymptotically stable if 
(i) the zero solution of (l.l), is untformly stable and 
(ii) there exists 6, > 0 such that for any E > 0 there exists T(E) ~0 
such that for any t, 2 0 and r$ E Cy(dO) 
lx(t; to, d)I <E for all t 2 to + T(E). 
The above 6, is called the attraction radius. 
In the proof of Theorem 1.1, it has been shown that if a solution 
x(t; to, 4) with to 2 0 and 4~ CY(jeP2”) is oscillatory, then 
lim,,, x(t; to, 4) = 0. To insure that non-oscillatory solutions tend to 0, 
we need one more assumption. 
THEOREM 3.1. Suppose that there exists a continuous function 
a: [0, co) + [0, co) such that (1.7) holds and 
A=wg j’+‘a(s)dsi+ 
I+4 
and p = inf 
, s 
a(s) ds > 0, 
rho , 
and moreover 
for all sequences t, -+ co and 4, E P(b) converging to a 
nonzero constant function in Cy(fi), F(t,, 4,) does not 
converge to 0. (3.10) 
Then the zero solution of (l.l), is untformly asymptotically stable with 
attraction radius Be ~ “.. 
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Proof. Since 8=max{d-i,l-($-,I)pj<l, this theorem is proved 
by the same way in [16, pp. 201-2023 making use of Lemma 3.2. 
Remark 3.1. Without regarding to the attraction radius, the uniform 
asymptotic stability of the zero solution of (1.1 ), follows under the 
condition (1.7) (3.10), and 
If4 
lim sup i‘ 
f+Y 
a(s) ds < 3 and lim inf i a(s)ds>O. (3.11) I-x f ,--rT , 
In fact, (3.11) implies that there exists T> 0 such that 
I+4 
sup I 
l+Y 
a(s) ds < $ and inf i u(s) ds > 0, l>T , rzr “, 
and then it follows from Lemma 2.1 that for any e > 0 there exists &E) > 0 
such that for any toI0 and $e C“(b(&)), 
Ix(t; to, d)I <E for t E [t,,, t,, + T+ 2q] 
The remainder of the proof is carried out in the same way to the proofs of 
Theorems 1.1 and 3.1. 
4. EXAMPLES 
In [ 161, Yorke has given some corollaries of Theorem A for complicated 
equations. Since Theorem 1 .l is an extension of Theorem A, those 
corollaries are generalized. We show one of them. 
Consider the delay-differential equation 
i(t)= -a(t)f(x(t-r[t,s(t)])) (4.1) 
where u: [0, co) -+ [0, co), f: R -+ R, and r: [0, a) x R + [0, y] are con- 
tinuous and xf(x) > 0 for x # 0. For Eq. (4.1) it is clear that (3.10) holds, 
and the condition (4.2) below implies (1.7). Hence the following theorem is 
an immediate consequence of Theorems 1.1 and 3.1. 
THEOREM 4.1. Suppose that there exists fl> 0 such that 
If( 5 I-xl jtir all x~S(fl)= (.YER: /.x1 <[I). (4.2) 
(i) If sup,20 [i+” u(s) ds 5 4, then the zero solution of (4.1 ) iv 
wCf0rml.v stable. 
(ii) Iflimsup,,, J;+“u(s)ds<s and liminf, _i I j:+qu(s)ds>O, 
then the zero solution of (4.1) is uniformly u.ynptoticall~* stable. 
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Remark 4.1. In Theorem 4.1, the condition (4.2) cannot be dropped. In 
fact, it is known that the zero solution of (4.1) is unstable if a(t) E cc, 
r(t,d)-q>O andf(x)=~“~ [16]. In case r(t,b)=r(t) and 
s I a(s) ds + 0 as t + co, f-T(/) 
the author [ 151 has shown that the zero solution of (4.1) is uniformly 
stable without the condition (4.2). 
Remark 4.2. The following simple example shows that 1 is the best 
possible, but the equation is of Caratheodory type (see [9, pp. 55-561 for 
the definition). All the theorems in this paper are verified without change of 
proof, even if a(t) is piecewise continuous. Let r[ t, f$] - 1 for simplicity. 
EXAMPLE 4.1. Let a: [0, co) + [0, co) be the piecewise continuous 
function defined by 
for tE[3k,3k+1+ap’) 
fortE[3k+1+ccP’,3k+3), 
where o! > 0 and k = 0, 1, 2 ,.... Let 4(t) = E for t E [ -1, 0] and 
x(t) = x(t; 0, 4) be the solution of the equation 
i(t) = -a(t) x(t - 1). (4.3) 
Then for k = 0, 1, 2 ,..., 
( ( -l)‘e(a-+)k{l -a@-3k)) for tE [3k, 3k+ 1) 
x(t) = 
(-l)k~(~-;)k{l-,(t-3k) +$x2(+3k-l)*} \,
for ?E [3k+ 1,3k+ 1 +a-‘) 
(-l)kfl +--$)k+l for TV [3k+ 1 +a-‘, 3k+3). 
Hence if CI = 5, then x(t) is a periodic solution of (4.3) with period 6, and if 
CL > $ then x(t) is an unbounded solution of (4.3). 
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